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KOBAYASHI HYPERBOLICITY OF ALMOST COMPLEX MANIFOLDS 



Debalme R. 

Abstract. Our goal here is to give a simple proof of the non-integrable version of Brody's char- 
acterisation theorem. A different proof is given in [KrOv]. 



^ 0. Introduction. 

In this note our aim is to extend the notion of Kobayashi hyperboUcity to the case of the 
. almost complex manifolds. 
^ ', Recall that an almost complex manifold is a pair (M, J) where M is a real manifold, count- 
^ ' able at infinity and J is a C^-smooth section of End{TM) with = —Id. Denote by Jgt a 
' — ^1 standart almost complex structure in M?'^,n > 1. Thus (A, Jgt) is a unit disk and (M^, Jgt) is 

I • the usual complex line. 
^ . Let [S, Js) be a Riemann surface. Recall that a C^-smooth mapping u : [S, Js) —>■ [M, J) is 
^ ', called [Js, J)-holomorphic if its differential commutes with the almost complex structures, i.e. 
^1 du o Jg = J o du as mappings from TS to TM (Cauchy- Riemann equation). If the structure 
^ ■ Js is clear from the context we shall simply call u J-holomorphic. 

OO ■ We shall prove, see Lemma 1, that provided J & C^, for any two points sufficently close 
^ p,q & (M, J) there exists a J-holomorphic map u : A ^ (M, J) with u{0) = p and = q. 
^ . This enables us to define the Kobayashi pseudo-distance k'lj on (M, J). (M, J) is said to be 
^ Kobayashi hyperbolic if k'lj is actually a distance. 

H ' Our goal is to prove the Brody characterisation theorem in the almost complex context. 
'. 

Theorem. A compact almost complex manifold (M, J), with J E , is not hyperbolic if and 
only if it contains a non trivial J -complex line f : C ^ (M, J) . 

A line f : C —>■ (M, J) is not trivial if / ^ const. 

1. Local properties and definition of Kobayashi pseudo-distance. 

It is known, see for example [Sk], theorem 3.1.1 that if f is a small enough vector in TpM, 
then there exists a J-holomorphic map u : A ^ M with u{0) = p and du{-^) = v. We shall 
need a slightly modified version of this statement . 

Lemma 1. Let [M, J) be an almost complex manifold, J E . If p and q are two points of 
M sufficently near, there exists a J-holomorphic curve u : A —>■ M such that p and q are in 
u{A). 

Proof. The issue being local, via a chart we can take M = M^"^. We can assume that J(0) = ild. 
We are working in a ball B = B{0,r) G M?"^ sufficently small to have J{v) + i invertible. The 
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equation expressing that u is J-holomorphic is 

du du 
dy dx 

Using the identities g = Kf - ||) and f = |(f + §) 
one can rewrite the equation in the following form 

{i + J{u))— = {i-J{u)) — . 
Since i + J{u) is invertible, this can be written as 

Here qj : B — > Endm{M.'^'^) is defined by qj{v) = [i + J{v)]~^[i — J{v)]. We introduce the 
mapping from L'^'P{A,R'^'') to L^'P{A,R'^''),p > 2 : 

the Cauchy-Green operator which verifies ^ o P = Id. Let us consider the map 

d 

$ : {e,u) I — > [Id - Pqj{eu)—]u 

from [0, 1] X L2'P(A,5) to L2'P(A,M2n)_ 
One has 

d^ie.u) du , .du 

— ^ — = ^ ~ 

oz oz oz 

We see that $ is of class and that is holomorphic in the standard sense if and only 

if eu is J-holomorphic. Denote <l>g = $(£:, .). Since gj(0) = 0, $o = IdL2,v(A,B)- Thus 3^0 > 
such that Ve G [0,£o[) is a diffeomorphism from to neighbourhoods of in L'^'P{B) 
and L'^''p{M?'^) respectively. Consider the mapping from A to M^"' 

hp,q : z I — > p + 2z{q - p) 

where (p, Q') G (R^"')^ and denote Me,p,g = <^~^hp^q. We remark that 
• hp^q being holomorphic, £Us,p,q is J-holomorphic. 

■ Mo,p,g = hp^q ■ So it verifies Mo,p,g(0) = p and wo.p.^d) = Q- 
Consider the mapping from [0,£] x (M^")^ to (M^")^ 



{e,p,q) I ^ {Us,p,q{0),Ue,p,q{^)) 



S is and from our last remark S(0, ., .) = Id(^2,zy. So by the implicit functions theorem, 
if s is sufficently small , there exist U and U' neighbourhoods of zero in (R^")^ such that 
S(e, ., .) : U — ^ [/ is a diffeomorphism. Let po and qo be two points sufficently near of zero 
(i.e. ^) G [/ ). There exists (p, g) such that eug^p^q{0) = po and eu£^p^q{^) = go • We have 
thus made £Ue,p,q a J-holomorphic curve which is going through po and go- 
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This property of J-holomorphic curves enables us to define the Kobayashi pseudo-distance 
on the almost complex manifolds. Let (M, J) denote an almost complex manifold, J e C^, 
and let p be the Lobatchevski distance on A. The associated metric is 

dz ® dz 

(1- |z|2)2- 

We define the Kobayashi pseudo-distance kj^ on M as follows. Given two points p and q in 
M, we choose points p — po,pi, ■ ■ ■ ,pk-i,Pk — q of M and points ai, . . . , ak, 61, . . . , 6^ of A 
and J-holomorphic mappings /i, . . . , fk from A to M such that fi{ai) = Pi-i and fi{hi) = pi 
for i = 1, . . . ,k. For each choice of points and mappings made this way, we consider the number 
5^i=i p(<^i) ^i)- Let kj^{p, q) be the infinimum of the numbers obtained this way for all possible 
choices. It is an easy matter to verify that kj^ : M x M — * M is continuous and satisfies the 
axioms of the pseudo-distances : kj^ip, q) > 0, kj^{p^ q) — kj^^q^p), kj^ip, q) -\- kj^i^q, r) > 
k(^{p,r). 

The following property of k'l^ is obvious : 

Property 1. Let f : {M,J) — > {N,J) be a {J, J )-holomorphic mapping. Then \/{p, q) e 
one has ki^{p,q) > kj^ {f{p)J{q)) 

Corrolary. kc = 

Definition. An almost complex manifold M is said to be hyperbolic if k'lj is actually a metric. 

We shall need the following 

Lemma 2. Let (M, J) be an almost complex manifold. The set of all J-holomorphic mappings 
A ^ M is closed in the compact-open topology. 

Proof. Let (/n)neN a sequence of J-holomorphic mappings from A to (M, J), converging uni- 
formly on each compact of A. Denote / the limit. Choose two compacts K and K of A such 
that K is included in the interior of K . From Sikorav [Sk] proposition 2.3.6 (i), p. 171, we 
sec that if K is sufficiently small then \\fn\\c'^(K) ^ mfn\\L°°{K')- uniform convergency of 
(/n)n6N implies C^-convergency to /. Thus / verifies the Cauchy-Riemann equations and is 
so J-holomorphic. 

□ 

2. Characterization theorem. 

We suppose M compact in all the following. We denote by 0{{M, J); (N, J )) the set of all 
(J, J )-holomorphic mappings from M to N. Fix some Riemannian metric |.| on M. We start 
with the following 

Lemma 3. M is hyperbolic iff snp{\f' {0)\, f e 0{A; (M, J))} < 00 where f' {zq) = f*{zo).-^ 
Proof : Sufficent condition. Observe that 

1/(0)1 = |/*(0).^| = |/.(0).H 

We will note it |/*(^')|. In the precedent expression u e ToA,p(z>') = 1 is arbitrary. Indeed, at 
zero, p is the euclidian metric, so p{i') = 1 means that ly — with Q, a rotation. Thus 
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Let jj, G TpA , and let (^o,p be the conform automorphism of A exchanging and p. There 

exists v e TqM such that (p*{i') = ji and so = (/ o (p)^{v). 

So 

sup{|/'(0)|, / e 0(A, (M, J))} = sup{|/,(i/)|, / e 0(A, (M, J)); e TM,p{u) = 1} 

We assume that sup{|/ (0)|,/ G C(A, (M, J))} = c < oo, and we want to prove that 
^m(P;9)-c > Then we would be able to conclude kj^{p^q) = p = q (so M is 

hyperbolic). 

\p,q\^ml{f \-f'{s)\ds, 7:[0,l]^M,7(0)=p,7(l) = (z}< 

<inf{/" |7'(^)Ms, 7 : [0, 1] ^ M, 7(0) =p, 7(1) = 7 = 5^ 
/, eO(A; (M, J)), (5,: [0,1]^ A} < 

<inf{^ / /,*(<(s))rfs /,eO(A;(M,J)),/,(5,(l)) = /,+i(5,+i(0)),/i(5i(0)) = p, 

i=i -^0 

/fe(4(l)) = < 

fc 

< MiY^cpid,), U e 0(A; (M, J)),/,(5,(l)) = /,+i(5,+i(0)),/i((5i(0)) =J9, 
/fe(4(l)) = q} 

Here in the first inequality, we shifted to the curves piecewise lying in J-holomorphic disks. 
In the third, we used the fact that \ fi^{^i{s)) \ < Cp{d^{s)) by (1). 

Necessary condition. Let us assume that sup{|/ (0)|; / G C(A; (M, J))} = oo. 

Then there exists a sequence of J-holomorphic mappings (/n)neN7 such that lim |/^(0)| = oo. 

n^oo 

M being compact, we extract from this sequence a converging subsequence : lim /n(0) = p. 

n — >oo 

Let [/ be a coordinate neighbourhood of p. We suppose that J{p) — i.Id and we take U 
small enough to have ||gj(a;)|| < e for x G [/, where e > comes from proposition 2.3.6 
(i) of [Sk], p. 171. From this proposition of Sikorav, we know that for any / G 0{A; {U,J)) 
|c2(A^) < Lm\\f\\L-°(A^) if /(Ai) C U, where only depends on m. As ||/||c2(A^) = 

|l-(a 1 ) + ||c?f ||l<-(a 1 ) + IM^/IU-(A 1 ) one has if /n(Ai) c U 

''Im Tm Tm 

|/n(0)l < -^m||/n||L«>(Aj_) 

m 

So, for any m there exists rim such that /^^(Aj,) fl dU ^ 0. In particular we may choose 
a sequence of points {xm)m€n,Xm G /^^(A^) and therefore kijifnmi^)^Xm) < p(0, ^) con- 
verges to zero. Since k'l^ is continuous and dU compact {xm)mev h^^s an accumulation point 
X which verifies kf^{x,p) = 0, with x ^ p and x in dU . So k'l^ is not a metric. 

□ 

We remark now that the reparametrisation lemma of Brody (cf [Br]) remains valid in the 
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Lemma 4. Let (M, J) be an almost complex manifold. Let f : M be a J -holomorphic 

curve with \f (0)| > c > 0. Then there exists f a J -holomorphic curve f : Aj. — > M such that 



sup |/(^)|(^^^-J^) = 1/(0)1 



Proof. First we will arrange to have equality, and then we will force the supremum to oc- 
cur at the origin. For t e [0,1] let : A,. ^ M be the map z i— > f{tz). Let s{t) = 



sup \ft{z)\{ ^ ). Then for any t < 1, sup \ft{z)\ < sup |/ {z)\ < sup |/ {z)\ < oo. 

zeAr- f z&Ar z€tAr zeAtr- 

2_| |2 

Since / is continuous on A^^, and ) < 1, we have s(t) < oo for t < 1. 

Since t i— > sup |/ (^)| is continuous s is also continuous. From s(0) = and lims(t) > c we 

deduce that there exists to in [0, 1] such that s{to) — c. 
First case : to = 1. 

c = .(l)= sup \f' {z)\C-^^-^) 
zeAr I 

While for 2; = |/ (0)|^ > c the supremum occurs at 2; = 0. Just take f = f . 

Second case : to < 1. The supremum is reached at a point zo inside A^. Let L be the 

conform automorphism of A^, exchanging and Zq- Denote / = o L. Since the quantity 

f 2 1 1 2 

\fto{z)\{ ^ ~2 ' ) measures the derivative with respect to pr, it is invariant under L. 

□ 

Lemma 5. Let M an compact manifold. The familly VL of all C°°(A^, M) mapping satisfying 

sup |/(^)|(^^^^) = 1/(0)1 = c 
is relatively compact in the compact-open topology 

Proof. This familly is equicontinuous. Let {zn)n(^^ be a dense sequence of points of A. Let 
{.fn)nen be a sequence of VL. (/m(-2i))m€N is a sequence in M which is compact. A converging 
subsequence can be extracted. From this subsequence we can extract another, which converges 
at Z2. We make that way a subsequence of {fn)nm which converges for all z^n^ ^(diagonal 
process). Since {zn)nen is dense and {fn)n&K is equicontinuous, {fniz))n€V converges for all z 
in A. Equicontinuity tells us that (/n)nGN converges uniformly over compact subsets to this 
limit, which is so continuous. 

□ 

Proof of the characterization theorem. Sufficent condition. Assume M contains a non trivial 
almost complex line / e 0(C; (M, J)). Consider two distinct points p and g of M such that 
p= f{x) and q = f{y). 

kMip,q) < kc{x,y) 
Since kc = 0, kj^{p, <?) = and kf^ is not an actual distance. 

Necessary condition. Assume M is not hyperbolic. Lemma 3 tells us that there exists (/n)neN 
a, sennence of 0(A: (M. .J)) such that lim I f.J())\ — 00. 
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Consider the mappings gn : A^^ M given by z i — > fni:^) where = |/n(0)|. We have 
lfi'n(0)l = 1- From lemma 4, we obtain a sequence (^n)neN of J-holomorphic curves ^ M 

/ T — \z\ I 

such that sup 5 ) = 1^^(0)1 = 1- From lemma 5 we can extract a subsequence 

of (^n)neN which converges on C, to a map g. From lemma 2, g is J-holomorphic. is not 
constant while \g (0)| = lim |^„(0)| = 1. So (7 is a non trivial J-complex line. 

n — >oo 

□ 
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